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Mixed normal-superconducting states in the presence 

of strong electric currents 

Yaniv Almog * Bernard Helffer | and Xing-Bin Pan ^ 


Abstract 

We study the Ginzburg-Landau equations in the presence of large electric 
currents, that are smaller than the critical current where the normal state losses 
its stability. For steady-state solutions in the large k limit, we prove that the 
superconductivity order parameter is exponentially small in a significant part of 
the domain, and small in the rest of it. Similar results are obtained for the time- 
dependent problem, in continuation of the paper by the two first authors [3]. 
We conclude by obtaining some weaker results, albeit similar, for steady-state 
solutions in the large domain limit. 
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1 Introduction 


Consider the time-dependent Ginzburg-Landau system of equations 



in (0, +C)o) X Q , 

( 1 . 1 a) 

1 / \ 1 
[q. + V 0 J + curl^^ = Im {j/jV 

in (0, +C)o) X Q , 

(i.ib) 

o 

II 

on (0, +C)o) X dO^c 5 

(l.lc) 

• z/ = 0 

on (0, + 00 ) X dO^i , 

(l.ld) 

d(f) w ^ 

—— = —CtvJix) 

oiy 

on (0, +C)o) X dO^c 5 

(Lie) 

^ = 0 
OU 

on (0, +C)o) X dO^i , 

(l.lf) 

+ curl A(t^ x) ds = nhex , 

J dVl 

on (0, + 00 ) 

(1-lg) 

a/;(0, x) = V^o(a^) 

in Q , 

(l.lh) 

^4(0, x) = ^ 0 ( 3 ^) 

in U . 

(l.li) 

In the above 'ip denotes the order parameter, A the magnetic potential, 
(j) the electric potential, k the Ginzburg-Landau parameter, which is a 

material property, and 



C = Av^/cr 



where a is the normal conductivity of the sample. Finally, h^x' 

, or the 

average magnetic field on dO. divided by Av, 

is constant in time. 

Length 


has been scaled with respect to the penetration depth (see [3]). 

Unless otherwise stated we shall assume in the sequel that 

Av > 1. 

We further assume that (a/^q^^o) £ x and that 

||^o||oo<l. (1.2) 

We use the notation = V — iA, and ds for the induced 

measure on dfl. We have also used above the standard notation 
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The domain CC has the same characteristics as in [3], in particular 
its boundary dfl contains a smooth interface, denoted by dflc , with a 
conducting metal which is at the normal state. Thus, we require that ijj 
vanishes on dQc in (ITc). 

We make the following assumptions on the current J 


(Jl) 

J M), 

(1.3) 

(J2) 

/ J ds = 0 , 

Jdflc 

(1.4) 


and 

(J3) the sign of J is constant on each connected component of d^c • 

(1.5) 

We allow for J 7 ^ 0 at the corners despite the fact that no current is al¬ 
lowed to enter the sample through the insulator. The rest of denoted 
by is adjacent to an insulator. By convention, we extend J as equal 
to 0 on dO^i- 

To simplify some of our regularity arguments we introduce the follow¬ 
ing geometrical assumption (for further discussion we refer the reader to 
Appendix A in [3]) on d^: 

{ (a) dUi and dUc are of class ; 

(6) Near each edge, dQi and dflc are (1.6) 

flat and meet with an angle of |. 

We also require that 

{R2) Both dUc and dQi have two components. (1-7) 

Figure 1 presents a typical sample with properties (Rl) and (R2), where 
the current flows into the sample from one connected component of dQc^ 
and exits from another part, disconnected from the hrst one. Most wires 
would fall into the above class of domains. 

The system (1.1) is invariant to the gauge transformation 


A' = A + Vu, 0' = 0 - 


iIj' = . 


3 


duj 


( 1 . 8 ) 



dVLc 



Figure 1: Typical superconducting sample. The arrows denote the direction of the 
current flow {Jin for the inlet, and Jout for the outlet). 


We thus choose, as in [3], the Coulomb gauge, i.e., we assume 


div74 = 0 in (0, +oo) x Q , 

A - u = Q on (0, +oo) X do. , 


(1.9) 


where the divergence is computed with respect to the spatial coordinates 
only. 

From (3.1b), (3.Id), and (3.If), we know that curled is constant on 
each connected component of dO^i. Let then denote the set of 

connected components of tlQp We can write, for j = 1,2, 


curM|pu,,, =/tj tv, (1.10) 

where h\ and h 2 are constants. 

Note that hi and /i 2 can be determined from J and via the formula 

[ 3 ] 

hj = hex ~ T |r(^5 ^j)\ J{x)ds{x) for any Xj G dO^i j , y = 1, 2 , 

Jdn 

( 1 . 11 ) 
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where r(a;,xo) is the portion of dfl connecting xq and x in the positive 
trigonometric direction. We assume that hex and J are such that 

/ii/i2<0, (1.12) 

and without any loss of generality we can assume /i 2 > 0. Let 

h = max(|/ii|, |/i 2 |). (1-13) 

We assume that 

h > 1 (1.14) 

and distinguish below between two different cases 

I < h < — or — < h, (1.15a,b) 

00 ^0 

where 0o is given by (2.2) (0o ~ 0.59). 

In [3] we have established the global existence of solutions for (1.1), 
such that 


fc e C([0, +oo); C)) n +oo); L^{n, C)), Va < 1, 

A, e C([0, +oo); W^-’’(Q, R^^)) Cl +oo); L^(n, )), Vp > 1, 

.AoeLL([0,+oo);-ff'{O)). 


We next dehne, as in [3, Subsection 2.2], (in a slightly different man¬ 
ner as the definition here is c-independent) the normal helds. They are 
dehned as the weak solution - (0„, ^4^) G x iL^(H,R^) - of (1.9) 

and 


curl^^„ + V0rj = 0 

. 

diy ~ 

f curl An ds = hex , 
Jdn 


in Q , 
on dQ , 


(1.16a) 

(1.16b) 

(1.16c) 


/ (f)ndx = 0 . 

Jn 


(1.16d) 
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Note that {0, KAn,cK(j)n) is a steady-state solution of (1.1). By (1.16) we 
have (cf. [3]) 

! ABn = 0 in , 

^ = j on an, (1.17) 

tjij ^ni^) ds = ■ 

By taking the divergence of (1.16a) we also obtain 



' A0„ = 0 

in Q , 

(1.18a) 

< 

II 

1 

on dU , 

(1.18b) 


/ pndx = 0 . 

k J n 


(1.18c) 

We recall from [3, (2.16) and (2.17)] that 



B„ e , <t>n e 

(Q), Vp > 1. 

(1.19) 


We focus attention in this work on the exponential decay of tfj in 
regions where \Bn\ > 1. For steady-state solutions of (1.1) in the absence 
of electric current (J = 0) we may set 0 = 0 and the magnetic held 
is then constant on the boundary. The exponential decay of ip away 
from the boundary has been termed “surface superconductivity” and 
has extensively been studied (cf. [11] and the references within). More 
recently, the case of a non-constant magnetic held has been studied as 
well [4, 14]. In these works (f) still identically vanishes but nevertheless 
VBn 0 in view of the presence of a current source term curlhea; in 
(1.1b). In particular in [14] it has been established, in the large k limit 
for the case 1 h k that ip is exponentially small away from B~^{0). 

In the absence of electric current the time-dependent case is of lesser 
interest, since every solution of ( 1 . 1 ) converges to a steady-state solution 
[17, 10]. This result has been obtained in [10] by using the fact that the 
Ginzburg-Landau energy functional is a Lyapunov function in this case. 
In contrast, when J 7 ^ 0 this property of the energy functional is lost, 
and convergence to a steady-state is no-longer guaranteed. In [3] the 
global stability of the normal state has been established for h = 0 {k) 
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in the large k, limit. In the present contribution, for the same limit, 
we explore the behavior of the solution for 1 < h ^ , and establish 

exponential decay of tjj in every subdomain of Q where \Bn\ > 1. We do 
that for both steady-state solutions (whose existence we need to assume) 
and time-dependent ones. We also study the large-domain limit, where 
we obtain weaker results for steady-state solutions only. 

Let, for j = 1, 2, 

Ljj = {x G Q : {—lyBn{x) > 1} . (1.20) 

Our hrst theorem concerns steady state solutions and their exponential 
decay, in certain subdomains of fl, in the large k limit. 

Theorem 1.1. Let for k > 1, fy be a time-independent solution 

of (1.1). Suppose that for some j G {1,2} we have 


1 < \hj 


( 1 . 21 ) 


Then, for any compaet set K C ujj U dStc, there exist C > 0, a > 0, and 
kq > I, such that for any k > kq we have 



\'ijjyx)f dx < Ce . 


( 1 . 22 ) 


If, in addition, 

(1.23) 

then (1.22) is satisfied for any compact subset K C uJ]. 

In addition to the above exponential decay, which is limited to the 
region where the normal magnetic held is large, we establish a weaker 
decay of in the entire domain. 


Proposition 1.2. Under the assumptions (1.3)-(1.15) there exists C{J,Q) > 
0 such that, for k,> I, 

IIv>k||2 < c( j, $1) (1 + . (1.24) 


Theorem 1.1 is extended to the time dependent case in the following 
way. 
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Theorem 1.3. Let 0k) denote a time-dependent solution of (1.1). 

Assuming c= 1, under the conditions of Theorem 1.1 and (1.2), for any 
compact set K C toj U dLlc there exist C > 0 , a > 0, and kq > I, such 
that for any k> kq we have 

limsup f IfjKit, x)\‘^ dx < Ce~^^ . (1.25) 

t^oo J K 

Finally, we consider steady-state solutions of (1.1) in the large domain 
limit, i.e., we set Av = c = 1 and stretch H by a factor of Rl$> 1. Let be 
the image of Ll under the map x —> Rx. We consider again steady-state 
solutions of (1.1). 


+ 0 (1 - 0p) - iff) = 0 

in , 

(1.26a) 

curl^A + V0 = Im (0 V^0) 

in 

(1.26b) 

0 = 0 

on dLlf , 

(1.26c) 

V^0 • z/ = 0 

on dflf , 

(1.26d) 

d<P F{R) 
du R 

on dfl^ , 

(1.26e) 

on 

on dflf , 

(1.26f) 

+ cnil A[x) ds = F[R)hex ■ 
JdO^ 


(1.26g) 


In the above F{R) = R^ for some 0 < 7 < 1. We study the above 
problem in the limit R -P- 00. Assuming again (1.3)-(1.15) we establish 
the following result. 

Proposition 1.4. Let denote a solution of (1.26). Then, there 

exists a compact set KcLl, C>0, Ro>0, and a > 0, such that for 
any R > Rq we have 

f \'ilj{x)f dx < Ce~^^, (1-27) 

Jkr 

where is the image of K under the map x -P- Rx. 


Note that h^x must be of 0{J), otherwise (0,A„, 0^) would be the 
unique solution. 



Physically (1.27) demonstrates that there is a significant portion of the 
superconducting sample which remains, practically, at the normal state, 
for current densities which may be very small. This result stands in 
contrast with what one hnds in standard physics handbooks [21] where 
the critical current density, for which the fully superconducting state 
looses its stability, is tabulated a material property. However, our re¬ 
sults suggest that the critical current depends also on the geometry of 
the superconducting sample. In fact, according to Proposition 1.4, this 
current density must decay in the large domain limit. In two-dimensions, 
our result suggests that one should search for a critical current (and not 
current density), whereas in three-dimensions a density with respect to 
cross-section circumference (instead of area) should be obtained. 

We note that Proposition 1.4 is certainly not optimal. In fact, we 
expect the following conjecture to be true. 

Conjecture 1.5. Under the conditions of Proposition l.f, for any com¬ 
pact set K C ft \ there exist Rq > Q, C > Q, and a > 0, such 

that for any R > Rq (1.27) is satisfied. 

The rest of this contribution is organized as follows. In the next 
section we establish some preliminary results related to the eigenvalues 
of the magnetic Laplacian in the presence of Dirichlet-Neumann corners. 
We use these results in Section 3 where we establish Theorem 1.1 and 
Proposition 1.2. In Section 4 we consider the time-dependent problem 
and establish, in particular. Theorem 1.3. Finally, in the last section, we 
obtain some weaker results for steady-state solutions of (1.1) in the large 
domain limit. 

2 Magnetic Laplacian Ground States 

In this section, we analyze the spectral properties of the Schrodinger 
operator with constant magnetic held in a sector. The Neumann problem 
has been addressed by V. Bonnaillie-Noel in [6]. In the sequel we shall 
need, however, a lower bound for the ground state energy of the above 
operator on a Dirichlet-Neumann sector, i.e., a Dirichlet condition is 
prescribed on one side of the sector and the magnetic Neumann condition 
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on the other side. We begin by the following auxiliary lemma whose main 
idea has been introduced to us by M. Dauge [9]. Hereafter the norms 
in the Lebesgue spaces Lp(Q,]R^) and L^(r2,C) will be denoted 

by II • ||lp(o) or II • ||p5 and the norms in the Sobolev spaces 

and will be denoted by || • Ww^^’P^n) or || • ||fc,p. 

Lemma 2.1. Let Sa denote an infinite sector of angle a G (0, tt], he., 
'S'a = {(a^, 2/) G : 0 < arg(x + iy) < a} . 


Let further 

Ha = {u ^ (Sa) ■ u{r cos a, r sin a) = 0 , Vr > 0} , 

and 

Qa^= inf [ \{V-iF)ufdx, 

N|2=i ^ 

where F is a magnetic potential satisfying curlF =1 in Sa- Then, 

er = eo. (2.1) 

where 

00= inf [ \(V - iF)u\‘^ dx. (2.2) 

u€HLS,,)Js^ 

\\uh=i 

Proof. Let 0 < cxi < ck 2 < tt and u G Hai- Let further u = u in Sa^ 
and ii = 0 in W, \ Sa,- Clearly u G Ha-,, and hence it follows that 
0^^ > 0£^. Consequently, 

0a ^ > 0f ^ , Vex < TT. 

From the dehnition of 0o it follows, however, that > 0o, and hence, 
0a ^ > 00 for all ex G (0,7r]. The proof of (2.1) now easily follows from 
the proof of Persson’s Theorem [11, Appendix B] providing the upper 
bound 00 for the essential spectrum of the magnetic Dirichlet-Neumann 
Laplacian in Aa. i 
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Let V C n have a smooth boundary, except at the corners of dQ. As 
in [3] we let 

= inf / \e\/— iAu\‘^ dx , (2-3) 

uen{v) Jx> 


\u\U=l 


wherein 


Let 


U{V) = {u^H^{V) : u = 0ondV\ [dV n d^,) } . 


S = dQ.r n dQ.n n dV 


denote the corners of Q belonging to dT>. Following [7] we set for a given 
magnetic potential A G 

b = inf Icurl A.| ; h' = inf Icurl A.| . 

xGV zGOVnOfli 

The following proposition is similar to a result in [7] obtained for a Neu¬ 
mann boundary condition. Here we treat a Dirichlet-Neumann boundary 
condition and allow, in addition, some dependence of the magnetic po¬ 
tential on the semi-classical parameter. 

Proposition 2.2. Let a G LF^’°°('D, R^). There exist C > 0 and eo > 0 
such that for all 0 < e < eq we have 

He{A + > emin(6, Qob')[l — C{1 + ||Va||^)e^/^] . (2.4) 

Proof. The case 6 = 0 being trivial, we assume that 6 > 0. We begin by 
introducing for any e > 0 a partition of unity (cf. also [15]), i.e., families 
{lijiLi C and C T> satisfying 


K 


K 


C 


= 1 ; suppr/* C < 

i=l i=l 

where C > 0 is independent of e. 

It can be easily verified that for any u G C) 

K 

||(eV-z[^ + e^/^a])M||2 = ^ [||(eV - z[^ + e^/^a])(r/*M)II2 - e^||uVr/*||2] . 

i=l 

(2.5) 
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We now set 


Vi = ?7jwexp(—ze ^^‘^a{xi) ■ x ), 


to obtain that 

II(eV - i[A +e^/‘^a]){r]^u)\\l 
= ||(eV - i[A + e^/‘^{a - a{xi))])v,\\l 
>(1 — e^/^)||(eV — 'i^)nj||2 — e^/^||a — a{xi))vi\\l 
>(1 - e^/^)/ie(^,X>)||n*||2 - Ce'^/^Wv^Wl. 

Substituting the above into (2.5) yields 

||(eV —z[^+e^/^a])u||2 > (1 — 'D)||u||2 —Ce^/^(1+ ||Va||^)||u||2 • 

( 2 . 6 ) 

By following the same steps of the proof of Theorem 7.1 in [7] we can 
establish that 

/ig(^, T>) > emin(6, 0o6', 0^^ inf |curl^|)(l — Ce^/^). (2.7) 

xGS 

The lemma now follows from (2.1), (2.6), and (2.7). | 


3 Steady-State Solutions 

We begin by considering steady-state solutions of (1.1) {tjjk, A,^, (j)^) G 
77^ (n, C X X M) in the limit k — >■ +oo. Hence, we look at the system 
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[3, Section 5] 


-curl^^^ + -V0^ = -Im 

C K 

= 0 

= 0 


du 

d(f>K 

dv 


= —ckJ{x) 
= 0 


in Q , 

in Q , 

on c^r^c 5 
on dQi , 

on dQc 5 
on , 


+ curl74^ ds = Av/iea; , 

Jan 


(3.1a) 

(3.1b) 

{3.1c) 

(3.1d) 

(3.1e) 
(3. If) 

(3.1g) 


with the additional gauge restriction (1.9). In the above (?/ifc, ^4^, 0^) 
is the same as {'ip^A^cj)) in (1.1). The subscript k has been added to 
emphasize the limit we consider here. We assume in addition (1.3)-(1.15). 
By the strong maximum principle we easily obtain that 


||V^k||oo<1- (3.2) 

Let h be given by (1.13). It has been demonstrated in [3] that for some 
he > 0, when h < hcK, the normal state looses its stability. Since we 
consider cases for which 1 < h <C it is reasonable to expect that other 
steady-state solutions would exist. We note, however, that in contrast 
with the case J = 0, where the existence of steady-state solutions can be 
proved using variational arguments (inapplicable in our case), existence 
of steady-state solutions to (3.1) is yet an open problem when an electric 
current is applied. We shall address time-dependent solutions in the next 
section. 

Next we set 


Set further 


Ai li txA 


n ) 


= curl A^ , 


01,K 0K . (3.3a,b) 

= curlAi^^. (3.4a,b) 
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By (3.1b) we then have 


curl = -Im in Q 

C K 


^01/ 

diy 


= 0 


on dQ 


-f ds = 0. 

Jdn 


(3.5a) 

(3.5b) 

(3.5c) 


Note that since dBi ,./dT = d(l)i^i^/du = 0 on dO. we must have by (3.5c) 
that 

(3.6) 

Taking the divergence of (3.1b) yields, with the aid of the imaginary part 
of (3.1a), that 0^ is a weak solution of 


+ c = 0 in 11, 


^ = ckJ 

ou 

^ = 0 

ou 


on dU 


C ) 


(3.7) 


on dQ-i. 


By assumption 0^ G and hence, by [3, Proposition A.2] we obtain 

that 0K G VP^’^(H) for all p > 2, hence (f)^ G (7^(0). By (3.3b) we then 
have 

+ c in Q 

on dQ. 




dv 


0 


Let K = 110n I loo and w = (pi^^ + Kkc. Clearly, 

—Aw + c = —KC^\'iJjk\‘^{(j)ri — K) >0 in H 


dw _ n 

dv 


on cAl. 


It can be easily verified that w is the minimizer in of 


J{v) = ||Vn ||2 + c||?/;«,n ||2 + /^c^(|^fcp(0n - K),v). 


As 


J{v+) <J{v), 

it easily follows that re > 0, that is 

01 «, + i^AvC > 0 . 
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In a similar manner we obtain 


01 ,« - Kk.c < 0 , 

which together with (3.3b) yields 

\\(t)K\\oo < C{Q,J)ck. (3.8) 

We now apply again Proposition A.2 in [3] to obtain that for any p > 2 

\\(Pk\\2,p< C{Q,J)ck. (3.9) 

We note that all elliptic estimates must be taken with special care since 
n possesses corners. The necessary details (with references therein) can 
be found in Appendices A and B of [3] . 

Next we set for J > 0 and k > 1, 

Ds{k) = {x e n : \B^{x)\ > (1 + 6)k} , 


and 

Ss = {x e Q : \Bn{x)\ > (1 + (^)} . (3.10) 

By either (1.15a) or (1.15b), it follows that for 0 < 5 < h — 1, 7^ 0. 

Below we show that the same is true for Ds{tv). Note that (1.12) implies 
that Ss consists of two disjoint sets: 

'S'j = Ayi U Ay2 , (3-11) 

one near denoted by Ayi, and one near denoted by Ay2 • 

We then let 

Cs,j = dSs,j \ {dn n dSs,j) , J = 1,2, (3.12) 

and 

u Cy2 • (3.13) 

We can now state and prove 

Lemma 3.1. For any 0 < a < 1 there exists kq = «o(^5 J, a) > 0 sueh 

that for all k, > kq and 0 < 5 < h — 1, we have 

Ss+^-c^ C Ds{k) . (3.14) 
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Proof. Step 1: Prove that for some C{Sl, J) > 0 


I 11 cxD ^ C n • 


(3.15) 


Taking the divergence of (3.5a) yields, with the aid of (3.5b), 


=-f divim (?/^^ V^a>k) in H , 


dv 


0 


on dSL. 


(3.16) 


Multiplying the above equation by and integrating by parts then 
yields, with the aid of (3.2) and (3.1c,d), 


V0i,k||2 < — II • 


n 


(3.17) 


Taking the inner product of (3.1a) with ifi^ yields, after integration by 
parts 


KA.ipKh = K W'ipKh- 


(3.18) 


By (3.17) we then obtain that 


|| V 01,«;||2 < CC . 

Since curlili^^ = the boundedness of ||Vili^«;||2 then easily fol¬ 

lows from the above and (3.5). Consequently, 

~||V0p«,||2 + llVili^Klb A C. (3.19) 

Note that and V_Lili,K are respectively the projections of Im {'ijjf. 
on 

= {V e L\n,R^) : curlt/ = 0}, 

and 

T/O := {W e L\n,R^) : divlC = 0 and t? • z/ = 0 on 511} . 

Next, we attempt to estimate ||V0 i^k||p and ||Vili^K||p for any 
p > 2. Since Q is simply-connected, we may conclude from (1.9), (3.4a) 
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and Remark B.2 in [3] that there exists for any p > 2 a constant 
C{p^Q) > 0 such that 

||^k||i,p c IIlip 5 

for all Av > 1. Sobolev embeddings then imply 

||bl«||oo<C^||5.||p. (3.20) 

Since HVRi^^lb is uniformly bounded for all At > 1, we obtain from (3.6), 
the Poincare inequality, and Sobolev embeddings that, for any p > 2 
there exists a constant C{p, U) > 0 such that we have 

\\Bi,,\\p<C{p,n). (3.21) 

Hence, recalling from (1.19) that G and independent of c and 
At, as J is independent of At, there exists a constant C > 0 such that 

II^kIIp = + I^BnWp < C K . (3.22) 

Combining the above computations with (3.20) then yields (3.15). 

Step 2: Prove (3.14). 

We hrst rewrite (3.1a,c,d) in the following form 

= 2iKA^ ■ + Ia^H^IVk - AvV«(l - |a/^«P) + in Q , 

'iJjk = 0 on dUc , 

^ = iK{A^ ■ = 0 on dSLi , 

where the last equality follows from (1.9). By (3.15), (3.8), the fact 
IIi^kIIoo ^ I 5 Proposition A.3 and Remark A.4 in [3] (note that vanishes 
at the corners) we obtain that for some C{Sl,p, J) 

||^k|| 2 ,p <C[k'^ + K^W^KA^i^nWp] , Vp > 2 . 

Sobolev embedding and (3.15) then yield 

||V«,A>«||oo < C'K + ^^||Vk^>«,||p] . (3.23) 

We now use a standard interpolation theorem to obtain that 

||V«A>«||p < l|V«A>«;||2^^||V«A>«fc^^^. 
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Substituting (3.23) in conjunction with (3.18) into the above inequal¬ 
ity then yields 


\\^ 


\p<C 






1 1-2/p 


K \\P 


tv 


2/p 


(3.24) 


Suppose hrst that 

^ II lip • 

Then, we have 




Hence, 

Next, assume that 
to obtain that 


\^.aM\p < CkF-' . 

I lip — ^ ) 


(3.25) 


W^kaMIp < Ck'*-®''". 

From the above, together with (3.25) we easily conclude that, for any 
2 < p < 3, there exists a constant C such that 


|V„.4>k|Ip < . 


(3.26) 


To continue, we need a estimates for the solution of Au = / 
where / G W~^’P. We thus apply [13, Theorem 7.1], which is valid for 
any domain which is bilipschitz equivalent to the unit cube, to (3.16). 
This yields that, for some C{p, Q) > 0, we have 

||V0i,k||p < C-||VkA>6;||p, Vav>1,2<p<3. (3.27) 

K 

From (3.26) and (3.5) we then obtain that 

];l|V.Ai,.||p+ l|VBi,„||p < (3.28) 

Upon (3.28) and (3.6) we use the Poincare inequality together with 
Sobolev embeddings to conclude that 


Bi^^Woo < > 1, 2 < p < 3 . (3.29) 
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Let X G Ss+K-^^ 5 namely 


\Bn{x)\ > (1 + ^ + /^ . 

From (3.29), for some C{p, Q, J) > 0 we have that 

\BJx)\ >k|B„(x)| - |Bi.„(x)| > (1 + <5 + k-«)k - 
={1 + 5)k + 

By choosing 

2 < p < min (3,-) , 

^ V ’ 2 + ay ’ 

we have > 0 for sufficiently large k . Thus 

\B^{x)\ > (1 + J)av, 

and hence x G Ds{k,). Consequently, Ss+k,-^ C D§{k) . i 

As a byproduct of the proof, we also obtain 

Proposition 3.2. For any 2 < p < 3, there exists a^o A 1 and C > 0 
such that 

Pi,«||2,p<Ck3''’-2>/p, Vfi;>Ko. (3.30) 

Proof. The proof follows immediately from (3.5), (3.28), and Proposition 
B.3 in [3]. I 


We can now prove the following semi-classical Agmon estimate for 
establishing that it must be exponentially small in Ss- 

Proposition 3.3. Suppose that h satisfies (1.15b). Let then j G {1,2} 
he such that hj > l/©o. There exist C > 0 and 3o > 0, such that, for 
any 0 < 6 < 6 q , some ko{S) can be found, for which 

k>ko{ 6)^ j exp (^(5^/\d(a;,Cyj)^|A/;«,pdx < ^, (3.31) 

where Ssj is introduced in (3.11) and Csj in (3.12). 
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Proof. For ^ > 0, let 77 G C'°°(n, [0,1]) satisfy 

r]{x) = 


1 X G ^5,j 5 

0 X G n \ Ss/2j. 


(3.32) 


By (1.17) and (1.19), it follows that Vil„ is bounded and independent 
of both S and k. Consequently, there exists a constant Ci > 0 such that 

d(Csj, C^/2j) > — , 

and hence, for some C(Q, J) and all 0 < 3 < 3o we can choose 77 such 
that 

|V>7l<y. 


Let further 

where 


C = Xr] 


X = 


exp(a5Avd(x, Csj)) if X G Ssj , 

1 if X G n \ Ssj . 

We leave the determination of as to a later stage. We further dehne, for 
any r G (0, tq), t/^ G C'°°(n, [0,1]) and fjr ^ C'°°(n, [0,1]) such that 


T]r{x) = 


1 (i(x, dQ.i) > r 

0 (i(x, dQ.i) < rl2 


and 


C 


\Vr]r\ + \Vfjr\ < ^ 




(3.33) 


and 


7/2 + 7)2 = 1 . 


Fix 0 < a < 1. Multiplying (3.1a) by integrating by parts yields 
for the real part 

+ ||C^«V7/^-i/2||2 + ||C^^V7/^-i/2||2 + WfjK^CWl ■ 
Observing that (t/^^Vx, t/^^Vt/) = 0, we obtain 
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Hence, 

<K^{l + + Ctz ||C^k|| 2 + l|V^K^^Il2 • 

We now use (2.4) and (3.30) to obtain, for sufficiently small 4, 

>K^ min(0o/ij, 1 + 3/2)[l - C 

>(1 + ^^[1 - C '^"^/^]|| C ^«- 1 / 2^«||2 • 

(3.35) 

By [5, Theorem 2.9] we have, since ('?7 ^-i/2'0k vanishes on (9Q, 

\\^> (1 + V2 - Av"^/^)Av^||C^«;-i/2^k||2 • (3.36) 

Consequently, by (3.34), (3.35), and (3.36), and by choosing 



we obtain, that for k > /^((5), with k{5) sufficiently large: 

K^^WCi^nWl < Ck~^^ WC'iI^kWI < W'^nS^lWl , 

from which (3.31) easily follows. | 


Next we consider currents satisfying only (1.15a). Let, for j = 1, 2, 
LUsj = H : (—l)'^iln(a^) > 1 + ^ ; d{x, dUi) > (5} , (3.37) 

and 

Fsj = dusj \ dQc n dujs,j . (3.38) 

We can now state 

Proposition 3.4. Suppose that for some j G {1,2} we have 

1 < \hj\. (3.39) 

Then, there exist C > 0, 6 q > 0, such that for any 0 < 3 < 3o, some 
k,o{5) > 0 can be found, for which 

f 

K > ko{6) ^ j exp (^6^/‘^Kd{x, Tsj)^ I'fnf dx < . (3.40) 
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Proof. Without loss of generality we may assume hj > 0; otherwise we 
apply to (3.1) the transformation 0 k) ^ (V^k, —^k, ~0k)- Let 


X = 





if X e usj , 
if X G n \ ujsj . 


(3.41) 


Let further r] and r/^ be given by (3.32) and (3.33) respectively. Then set 


C = mvx- 


(3.42) 


The proof proceeds in the same manner as in the previous proposition 
with ( replaced by 0 with the difference that now C,il)n{x) vanishes for all 
X G dQ.i. Consequently, (1.15a) is no longer necessary (see (3.36)). We 
use (1.15b) to establish that cjyj is not empty. i 


We conclude this section by showing that for 0{k) currents (i.e. when 
J is independent of Av) must be small. To this end we dehne as 

the solution of (1.18a,b), and 




dx = f}. 


(3.43) 


The above condition is a natural choice as by (3.7) we have that 




|a/;^P0k dx = f). 


It can be easily verihed from (2.2) that 

= 0n + C{k,c) 


(3.44) 


where 0„ denotes the solution of (1.18). The constant can be extracted 
from (3.43): 

from which we get the following upper bound (independent of k and c) 

|C(av, c)| < ||0n||oo < Too . (3.45) 
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Proposition 3.5. Under Assumptions (1.3)-(1.15) there exists 
C{J, ft) > 0 and kq > 0 such that for any k > kq, 

\M2 < C(J, f))(l + . (3.46) 


Proof. Let = 4>k — CK^n- An immediate consequence of (3.7) is that 

+ =-c^lV'I^K'l’n inO, 

\%^ = 0 ondU. 

Taking the inner product with yields, with the aid of (3.43), 

1 1 

~ a (^^ 1,^)0) 

< —IIV4>n||2||V4 >p«;||2 + -||t^K4>n||2||t^K(4>l,K — (4>i^k)o)||2 , 

^ ^ (3.48) 

where is the average of in Q. 

With the aid of (3.19) (note that the fact that 

It^Kl < 1, and the Poincare inequality we then obtain 

UAh < Ck-^I\1 + . (3.49) 


We now set 


U^ = {x^Ut : |$n(a;)| < (1 + c ^2)2/3^ 1/3 j _ 


By (3.43) the level set 4>^^(0) lies inside Q. Let xq G ^n^(^) foi" some 
T 0, and set 

r± = B~\Bn(xo)). 


By (1.16a) Bn is the conjugate harmonic function of and hence P^ 
must be perpendicular to 4>7^(r) at xq. Note that in [3, (2.3)] we showed 
that B~^{p) is a simple smooth curve connecting the two connected com¬ 
ponents of dflc for any hi < p < ^2. We denote by P^ the subcurve of 
P^ originating from xq in the direction where decreases if r > 0 or 
increases if r < 0, and terminating either on 4>^^(0) or on the boundary. 
Clearly, 


|r^| inf |V4)^| < / nds 

a:eO 


< \t 


— I I 5 
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where Jp V denotes the circulation of V along the path F. In [3, §2.3] we 
have established that |Vd>„| = \VBn\ > 0 in It follows that 

d(xo,5nud)-^(0)) < |f^| < C\t\. (3.50) 

Let 

Uni^) = {x G n I d{x, dU U d>“^(0)) < r(l + . 

By (3.50) we obtain that for sufficiently large r there exists K,Q{r) such 
that for all k, > kq and c G M we have C Unir). Consequently, 

W <C{l + C-^/^f/^K-^/%\^-\0)\ + \dn\) < C(1 + C-1/2)2/3^-1/3_ 

(3.51) 

By (3.49) we have that 

||^«:|U2(O\W0 < C{1 + 

whereas from (3.51) and (3.2) we learn that 

W'ipnh^iU,) < C{1 + . 

The proposition can now be readily verified. | 


An immediate conclusion is that whenever ck, ^ 1, is small. If 
c = 0{Kr^)^ may not tend to 0 as > oo. Further research is 
necessary to establish this point. 

Remark 3.6. If, for some 0 < a < 1, we assume that J = J{-,n) 
satisfies 

||J|| < Cav-“, 

then ( 3 . 48 ) and (3.19) remain valid. Assuming c = 1, and using this 
time (3.28), we obtain instead of (3.49), for any 0 < fl, that 

W'fK^nh < . 

Using the above, with suffieiently small jS, we obtain, similarly to the 
derivation of (3.46) 
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which implies 


||^ k ||2 -> 0 . 

K^+OO 

This result stands in sharp contrast with the behavior obtained in the 
absence of electric potential [22, fj. 

4 Time-Dependent Analysis 

In this section we return to the time-dependent problem as introduced 
in (1.1). For convenience we set here 

c = 1. 



= «:^(l - 4«P)4 k in (0, +oo) X fl , 

(4.1a) 

f)A 

"+V0. + curl2^.= 
ot 

ilm (4 «V«a>«) in (0, +oo) x Q , 

Av 

(4.1b) 

= 0 

on (0, +C)o) X dUc 5 

(4.1c) 

• z/ = 0 

on (0, +oo) X dUi , 

{4.1d) 

S 

1 

II 

on (0, +oo) X dUc , 

(4.1e) 

II 

O 

on (0, +oo) X dQi , 

(4.1f) 

4 curl 4^ ds = nhex 

Jdn 

on (0, +oo), 

(4.1g) 

?/^(0, x) = 'iIjo{x) 

in Q , 

(4.1h) 

h 

(o 

di- 

II 

o 

in Q . 

(4.1i) 


We assume again (1.2)-(1.10), (1.12), and (1.15). Since in the time de¬ 
pendent case 0K is determined up to a constant in view of (1.8) and (1.9), 
we can further impose 

/ 0«;(t, x) dx = 0 , Vt > 0 . (4.2) 

Jn 
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It follows from (1.2) by the maximum principle (see [3, Theorem 2.6]) 
that 


||V^k(TO lloo < 1, vt>o. 

We recall from [3, Subsection 2.4] the following spectral entity 

A= inf ||curll/|| 2 , 

V€Hd 

\\vh=i 


(4.3) 

(4.4a) 


where 


nd= {V ■. divi/ = o,i/|g^-z/ = o}. (4.4b) 

We further recall from [3, Proposition 2.5] that, under condition [Ri) on 

dQ, 

X = := inf ||Vn||2>0. 

IM|2=i 

We retain our dehnition of the normal helds {An,(j)n) via (1.16). For 
the solution {Ak,(I)k) of (4.1) we set 

= ^k(T x) - KAn{x), 

= (j)^{t,x) - K(j)n{x), 

B^{t,x) = curl^«(t,x), 

Bi^^{t,x) = cni\Ai^^{t,x). 


Clearly, 

dAi^^ 


1. 


+ + curl5p«; =-Im (?/^^ in (0,+oo) x 11, 

Uv tv 


d(J)id 

dv 


= 0 


/ Bi^^{t,x)ds = Q 
JdVL 


(4.6a) 

on (0, +oo) X tin , 

(4.6b) 

in (0, +oo). 

(4.6c) 


We begin by the following auxiliary estimate. We recall that 

||^(C Ollid = ||^(C 
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Lemma 4.1. Let and be defined by (4.5). Suppose that 
||^i,k(', 0)II 2 < M (where M may depend on n). Then, under the above 
assumptions, there exists t*{M) and a eonstant C = C{Ll,t*) > 0 sueh 
that for all t > t* and n>l we have 

•)l|i,2 + ||^i,K|U2(i,t+i,ij2(rj)) < C. (4.7) 

Proof. By [3, Lemma 5.3] there exists a constant C = C{Ll) > 0 such 
that for sufficiently large k 

^ 2 ' Jq 

From (4.3), we then get 

||7li,K(t, ■)\\l < •)||2 + ^ ^ X 

We thus have 

II^i,k(^, Oll^ ^ (44 + (7)6 + y (4-8) 

Hence, there exists to(44), such that for t > t^M), we have 

on 

\\AAt,-)h<—. (4.9) 

Next, we apply [3, Theorem C.l (Formula C.4)] to the operator pA) (]as 

introduced there in Example (4) above this theorem) to obtain that 

C - (4.10) 

< —\\^^{'^^^^AAA\\L^to,to+PLHn)) + C\\AiAto, •)l|l,2. 

n 

with a constant C independent of to- Since from (4.1a) (cf. [3]) we can 
easily get that 

OII^ < A\\fft, Al - , (4.11) 

we obtain by integrating over (tg, to + 1) 

W'^ KAAKWl^toA+^L^P)) - '^^\\'^K\\L'^{to,to+i,L^{n)) A -llffto, ■)\\l, (4.12) 
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and note for later reference that it implies 


< C{n)K. 

Implementing the upper bound (4.12) in (4.10), yields 


(4.13) 


<C 


1 + \\'^K\\L'^{to,to+l,L^n)) + -Wi^KitOj Olh + 11^1 ,k(^ 0, •)lk2 


K 


We next apply [3, Theorem C.l (Formula C.2)] to obtain in precisely the 
same manner 

||^l,K|U°°(io,to + l,i?hT) 

< C 1 + \\i’K\\L‘^{to-l,tQ+l,L‘^{n)) + Olb + 11^1,/t(^0 “ 1, Olb 

The above together with (4.3) and (4.9) yields, for to > 1^ + 1, 

\\^l,n\\L°°{to,to+l,H^n)) + < C , (4.14) 

which implies (4.7), with t* = tl{M) + 1. | 


Remark 4.2. Since our interest is in the limit as t ^ +oo, Lemma 4-i 
allows us to assume in the sequel, without any loss of generality, that (f.l) 
is satisfied for all t > 0. We have just to make a translation t t — t* 
and to observe that finit*, •) has the same properties as fio- 

Proposition 4.3. Letcjsj (j G {1,2}J be defined in (3.37). Suppose that 
for some j G {1,2} we have that 


1 < \hj\. 


(4.15) 


Then, there exist C > 0 and (5o > 0, and, for any 0 < 3 < do, ^ 1 
such that, for n > no{5), 

Cs 


limsup / Wfifit^x) dx < 


(4.16) 






Proof. Without loss of generality we may assume hj > 0; otherwise we 
apply to (4.1) the transformation 0^) ^ -A^,, -fn)- 

Step 1: Let, for n>l, 

(^n = ||CV^K|U°°(n-l,n,L2(0)) • 

Prove that for all 6 G (0,1) and n > 

al < C6 ~^(^k~‘^ + K~^{an + On-i)) • (4-17) 


Let r/ and pr be given by (3.32) and (3.33) respectively. Then, set 

( = pps- (4.18) 

Multiplying (4.1a) by Q'lid integrating by parts yields 
1 d 


2 dt 



s, oii^ +\\^.A.(mt, ■))ii^ < viic<A»(«. -w.+wMt, ■) vcii^. 


By [5, Theorem 2.9], we have 

||V«;a„(C^«.(L ■))ll2 >{i^B^{t, ■)C'fn{t, •), C0K;(t, •)) 


= ■): C0/t(L •)) + ■) ■): CV^/^(L •)) 


>K^(l + l 



ft,fWl + •), c^«(t, •)). 


We can thus write 

^|(llM(i.-)lli)+4^llM(i.-)lli 

< \\'iij4t,-)Vp\\l+\\ij^{t,-)Vps\\l 


{KBp^{t, fCfj^it, •), C 0 /t(L •)) • 


Since 

ll^«^(L f^hsWl < ^) 

we obtain that 


lA 

2 dt 


<§ - (Ac5i,^(t, fCfj^it, ■) , 00^(1, ■)) . 


(4.19) 
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From (4.19) we can conclude that 


|| C ^«(^,-)||2 < llC ^ o || 2 e 


2 


+ 


c 


Jo 

(4.20) 

To estimate the last term on the right-hand-side of (4.20), we start 
from 

f •)C^«:(f •).C 0 A^('r, ■))\dT 


<K 




Jo 


2.. /'e-s«^«-)||fv-„(r.-)||tdrl‘''' 
0 


With Remark 4.2 in mind, we use (4.3) to obtain 




-nldr < 


C 


JO ’ 

Implementing the above estimate, we obtain 

jt ^-SK^(t-r) I ■),CA(T,-))ldT 

ll/2 


< C6- 


foe ^)||CV^«,(r,-)||tofr 


To control of the right hand side we now write for t > 1 




r,-)\\idr 


11/2 


'-Jo 


< 




^ — 5K^{t—T 




ll/2 


JO 


+ 


^ — 5K^(t—T 


^X'^K{r,-)\\ldT 


nl/2 


Jt-l 


< C 


-t 


e 

Jt-i 

-T.-i 


—Sn'^it—T 


F-)ll2i^^ 


1/2 




< C6 ^\\CBKWL°-(t-^ t rj(o)) + C5 X 


Substituting the above into (4.20) yields, with a new constant C, for 
K, large enough, and for t > 1, 


WCMtrm 

< C6-^k-‘^ + + C6-X-^ 


K||L-(i-l,i,L2(0)) 
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From which we easily obtain (4.17). 

Step 2: Prove (4.16). 

By (4.3) we have 

0 < On < C' 5 

which readily yields 

dn < C6~^K~^ . 

We improve the above estimate by reimplementing (4.17). To this end 
we set 

C := cr i , 

and then let 

C 

CLn — eXn • 

K 

Substituting into (4.17) yields 


< 1 + cXn-i + an ■ (4-21) 

Suppose that for some > 0, we have aN < 1 + a/2, then 

<^N+i < 1 + a/2 and hence < 1 + a/2 for all n > N. 

If an-i > 1 + a/2 for any n, we have, with — 4 , 




n— 


1 < a 


2 

n—1 * 


Hence, an < o-n-i which means that converges as a positive decreasing 
sequence, and necessarily to a limit smaller than 1/2 + a/2. We thus 
conclude that 


lim sup an 


< 1 + a/2 , 


(4.22) 


and hence 


lim sup < 


C(1 + V2) 


from which (4.16) can easily be deduced. | 


(4.23) 


We next obtain the following improvement over (4.13) for W 
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Proposition 4.4. Let p > 2. For any (5 > 0, there exists k,o{ 6) and C{6) 
such that for n > k{ 5) we have, with u = , the following estimate: 

. (4.24) 

Proof. Step 1: Prove that for some C{5) > 0 we have, for sufficiently 
large n that 

\\u\\L^{to-i,to+i,HS^)) ^ (4.25) 


We rewrite (4.1a, c, d) in the form 
^ - Af,, = -2iKA^ ■ - iV^AcP) 

= 0 

, ^ -v = 0 

Clearly, by our choice of C, 


in (0, +oo) X fl, 
on (0, +oo) X dStc 5 
on (0, +oo) X dSti. 


- Au = C[ - 2m^^ • - \ fK?) 

< + 2VC • P/fn + fnAf 

[ w = 0 


in (0, +oo) X Ll , 
on (0, +oo) X dSt . 


By [3, Theorem C.l] (this time applied to the Dirichlet Laplacian in Q) 
in the interval (to — 1 Ao + 1) 

lklU2(t0,t0 + l,i?dT) 

A11C [ 2fI 112^2 2 tg+1 l2(o 

+ ||2VC • V^K + + + C\\u{tQ — 1, •)||2 . 

(4.26) 

By (4.3) we have that 

||2VC • P/fn + l^K^C|U2(to-l,io + l,i2(^^)) — + \\'^f’K\\L‘^{to-l,to + l,L^{n))) ■ 

(4.27) 

As 
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(4.28) 


we obtain in view of (4.12) and (4.7) that 

Substituting the above into (4.27) yields 

||2VC • + 'ipK^C\\L'^{to-i,to+i,L^n)) < C'av^ . (4.29) 

We next observe that 

Since ( is supported in the set we may use (4.16), which together 
with Agmon’s inequality [1, Lemma 13.2], (4.5), and (4.7), yield, for to 
large enough, 

\\C\KA^\‘^'llj^\\L2(^to-l,to+l,L^n)) 

1^2)) II Ak 11^2^0-1,(4.30) 

<Ck^. 


Similarly, 

IIC^Ak • V'ipK\\L^{to-i,to+i,L'^{n)) 

<K\\A^\\Li(^to,to+l,L--{n,R^)) [\\u\\L^{to-l,to+l,H^il)) + C\\L^{to-l,to+l,L^m)] 


<Ck^ + Ck^\\u 
<C 




|l/2 
1 


(4.31) 

Substituting (4.31) together with (4.29), and (4.30) into (4.26) yields 
with the aid of (4.3) 


\u 


L^ito,to+l,H^n)) 


< c 




L^to-l,to+l,H^n)) 


(4.32) 


Proceeding as in the proof of Proposition 4.3, we can assume C > 1 
in (4.32) and set 


^—1 —-II I 

ar, = C 2 m 


L^{n,n+l,H^{n)) ' 
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We now can rewrite (4.32) in the form 

— (1 + Q^n-1 + Cin) i 

which is precisely (4.21). We can thus conclude (4.22), and hence, for a 
new value of C, (4.25) easily follows. 

Step 2: Prove that 

KAM\L^{to,to+i,H^in,R^)) <Ck^. (4.33) 


It can be easily verihed that 

■)||l,2 < \\u{t, •)||2,2 + ^11 \A^\Vu{t, ■)\\2 + K\\uVA^{t, ■)\\2 ■ 

(4.34) 

Furthermore, in the same manner we have obtained (4.31) we obtain, 
with the aid of (4.25) 

^11 \AK\^u\\L^{to,to+l,L^P,R^)) — ^ ' 

By (4.3) and (4.7) we have that 

We can now conclude (4.33) from (4.34). 

Step 3: Prove (4.24). 

In [3, (5.35)] it was shown that 

W'^KA^'4^K\\L°°{to,to+pL^p)) A Cn^ . (4.35) 

(Note that while the setting in [3] is different then - in particular, we 
assume there J ~ 0{n) - the estimate is still valid in the present case 
because c = 1.) Hence, we get 

||VKA«w|U-(io,to+iW(f^)) - (4.36) 
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We now use Gagliardo-Nirenberg interpolation inequality (see [19]) to 
obtain 


KAM\LP{to,to+i;LP{n)) 


■'to+l 


< c 




^0 


< KAM\L^{to,to+l;H\n)) 
Consequently, 


\'^ kA^uI 


L^{to,to+l;L^in)) 


P 


<C\\V^,A,U 


Lp{to,to+^;Lp{n)) 

p-2 


kAi^U 


4—p 

L^to,to+l;L^n)) 


^kAU 


p-2 


(4.37) 

Multiplying (4.1a) by cind integrating over Q we obtain for the real 
part that 


^KA,{t,-)u{t, ■)\\l < 


1 d\\u{t, ■)II 2 

2 dt 




Integrating over (to, to+1) and using (4.16) we then obtain, for sufficiently 
large C, 

—— 2 

\\^KAM\L^{to,to+l;L^m - ^ ■ 

Substituting the above, (4.33), and (4.36), into (4.37) we then obtain 
(4.24). I 


We can now obtain the following improved regularity for ili ^ 

Proposition 4.5. Let 2 < p < 12/5. For 0 < d < do, there exists a 
eonstant C = C{Ll,5) > 0 such that for all to > 1 and n > no{d) we have 


\\B\^n\\LP{tQ,tQ+l,W^’P{u:sP) < C . (4.38) 

Proof. Taking the curl of (4.6) yields that is a weak solution of 

- ABi^^ = icurllm nA^fjn) in (0, +oo) x Q 



on (0, +oo) X dQ . 


(4.39) 
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Let 


, 

where the cutoff function ( is defined by (4.18). Let further Q{6) C Q be 
smooth and satisfy 

supp C C Cl{6). 

As for any V G we have that 

curl V = div V± , 


it can be easily verified from (4.39) that 
dB^ 1 ^ _ 

= -Cdiv (Im (^KV«,A>K)n) - 2div • 

Consequently, 


^ - /\B^ = ^Cdiv (Im(?/^^V«^>«)±) 

-div (25i,^VC + VA^^(5i^^AC)) in (to - 1, to + 1) x ^ 
B^ = 0 on (to — 1, to + 1) X dCl 

B^{to-l,-) = C^y«(to - 1, •) inQ. 

(4.40) 


1 ^ 
In the above A^ denotes the inverse Dirichlet Laplacian in Q. 


In order to apply [8, Theorem 1.6] which is devoted to the case of 
parabolic operators written in divergence form and with zero initial con¬ 
dition we first decompose the solution of (4.40) into two Cauchy-Dirichlet 


The first of them is: 



< 

> 

II 

<] 

1 

in (to - l,to + 1) X n , 


Cl =0 

on (to — 1, to + 1) X dCl , 

(4.41) 

Ui{to — 1, •) =0 

in Q , 



in which 

fi = -C (Im (^«V«:A>«)n) - 25i,^VC - VA)^^(5i,^AC). (4.42) 

K 

The second one is: 

f ^-AU 2 = F 2 in (to - l,to + 1) X n , 

< 1 / 2=0 on (to — 1, to + 1) X ttn , (4.43) 

[[/2(to-l,-) = C'Si,«;(to - 1, •) inH, 
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where 


( 4 . 44 ) 


F2 := -- (Im(?/^KVC • (VkA«V^/c)±)) • 

tv 

By uniqueness of the weak solution, we have 

B^=Ui^ U2 in (to - 1 , to + 1 ) X ^ • ( 4 . 45 ) 

We now separately estimate Ui and U2 in L^(to, to + 1 , Vh^’^(Q)). 
Estimate ofUi 

We apply [ 8 , Theorem 1 . 6 ] to obtain 

\\Ul\\LP{to,to+l,W^’Pm) < C ||/l|Uppo,to+l,LP(0,R2) . (4.46) 

It can be easily verihed, by the Gagliardo-Nirenberg interpolation in¬ 
equality [ 19 ] that, for all 2 < p < 4 , there exists a constant C such that, 
for any 0 G L‘^{tQ, to + 1 , fl L°°(to, to + 1 , L^(Q)), we have 


MLP{to,to+l,LP{n,R^)) - 


pto+1 

<C "'2 

Jto 
2 


<c\m 


I 0 (g-)II 2 || 0 (g-)IIi/ dr 

\^\\L^to,to+i,m{n,R^)) ■ (4-47) 




By ( 4 . 47 ), ( 4 . 7 ), Remark 4 . 2 , and Sobolev embeddings we have: 

ll^c(^o, •)llp+ WBi^k^C\\LP{ to,to+i,Lp{n)) + ^ ■ 

( 4 . 48 ) 

Furthermore, by ( 4 . 3 ) we have that 

IlCIm {'lpK'^KA,'lpK)\\LP{to,to+i,LP{n,R^)) 

< C\\LP{to,to+l,LP{n,M.^)) + \yKASC'4^K)\\LP{to,to+l,LP{n,M.^)) 

< \\'^KAAC'4^K)\\LP{to,to+i.LP{n,R^)) + C . 

Substituting the above together with ( 4 . 48 ) into ( 4 . 46 ) yields for to large 
enough 

\\Ul\\LP{to,to+l,W^’P{^)) < <^(1 + -\yKA,(C'^ti)\\LP{to,to+l,LP{n,R^))^ ■ ( 4 . 49 ) 
Substituting ( 4 . 24 ) into ( 4 . 49 ) yields 

\\Ui\\LPito,to+i,w^^nn)) < C'(l + Ac'-'"/") < c, ( 4 . 50 ) 
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since 2 < p < 12/5. 


Estimate o/t /2 

Here we apply first L? estimates and then combine them with Sobolev’s 
estimates. It is in this part that we need the information on F 2 and U 2 in 
[to — 1, to + 1) ^ in order to bound the various norms on (to, to +1) x Q. 

We begin by applying once again [3, Theorem C.l] (combining (C.l) and 
{C.2) there) to obtain 


< C + ll^2(to - 1, •)IIl2(q)) , 

where F 2 and 1 / 2 (to —1, •) given in (4.44) and (4.43). Applying Gagliardo- 
Nirenberg’s inequality yields, for 2 < p < 4, 


\\U2\\LP{toM+l,W^F ^ ^ (ll^2||i2((iQ_i^i^+i)xd) + II^2(A - 1, •)IIl2(^) 


By (4.13) we have that 


(4.51) 


ll-Ollia((t„-l,(„+l)xn) ^ ^ ■ 

Furthermore, using (4.7), with Remark 4.2 in mind yields 


|t/2(A-l,-)||2<C. 


Consequently, by (4.51), there exist, for any 2 < p < 4 and any 5 > 0, 
constants C{5) and si{5) such that for any tz > /^o(^) and any to > 1 we 
have 

\\U2\\Lp{to,to+iW^’P) < C{5) . (4.52) 

The combination of (4.50) and (4.52) together with (4.45) completes the 
proof of the proposition. 1 


We can now establish the exponential decay of 'ipK,. 

Proposition 4.6. Let cosj (j G {1,2}/ be given by (3.37). Suppose that 
for some k G {1,2} (4.15) is satisfied. Then, there exist C > 0 and 
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(5o > 0, and, for any 0 < (5 < (5o, /io(d), such that for any k > k,o{ 6) we 
have 


lim sup 

i—>-00 



exp 


(^6^^‘^Kd{x,rsj 


;P(^, x) dx < C. 


(4.53) 


Proof. Without loss of generality we may, as before, assume hj > 0. Let 
X and ( be defined by (3.41) and (3.42). 

Step 1: Prove that 


||C^«:(L-)ll2 < llCV^0||2e 


2 —2^K^t_ 


C(S) 


^ — 2^K^{t—T 


KT 


(4.54) 


Multiplying (4.1a) by and integrating by parts yields 


\li ■))ll2 < ■)\\l+UK{t, OVCII^ • 

By Theorem 2.9 in [5] we have 

\\^^ aAC '^ k )\\1 > •)C^«:(L-)^C^«:(L-)) 

K, (^P.fif'tpfi, C'4 ^k} t CV^k) 


We can thus write 
1 d 


6 6 


K \\2 




2Jt +^^(2 “ 


<||?/;^(t, ■)Vr]\\l + llx V^«(t, ■)Vr]s\\l “ •)C^k^(L ■), C^«(L ■)) • 


By (4.16), for every 0 < 3 < dg, we have 


(4.55) 


ll^«:(L ■)^r]\\l + Wx'^nit, •) Vr]s\\l < ^ , 




which when substituted into (4.55) yields 

'^112) +^^ 7 ||CV^«(L ■)ll 2 < -Yfilj^it, ■), ■)) , 

^ (4.56) 
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where 7 = (5/4. We now get (4.54) from (4.56). 
Step 2: Prove that, for all n > 2, 

Olli °°{t*+n—l,t*+n,L‘^{D,)) 




c 

+n-2,t*+n,L2(0)) + 

1% 


(4.57) 


where C is independent of k, . 

To prove (4.57) we need to estimate the last term on the right-hand- 
side of (4.54). To this end we hrst write 


^ — 2'^P'it—T 




S Yhi 


< K 






/■‘-I _ 

PK e 

Jo 


2V«--)|!i3l,„(r, ■)IMT||7»llL~(0,i-I;L^(n)) . 


For the last term on the right-hand-side we have in view of Remark 4.2, 
(3.41), (3.42), and (4.3) that 

Jo 

Hence for sufficiently large n we have 




^ — 2^P{t—T 




n 

0-1 


’ 1 {k-Bi,«CO> COX’") I dr < 




L“(t-l,t;L2(0))+C'e . 

(4.58) 


Since by Sobolev embeddings 

\\BlA\LP{t-l,t,L^{u:s/2P) - C\\JJlA\LP{t-l,t,W^^P{u:s/2,j)) ’ 

we can use (4.38) to obtain, for sufficiently large t and n, and for any 
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2<p< 12/5, 



Substituting the above into (4.58) yields 

f I C'ljj^) I dr 

Jo 

+ CeU''-^, 

which, when substituted into (4.54), yields (4.57). 

Step 3: Prove (4.53). 

Let now 

= ||C'0 k('^5 ')\\L°^{t*+n-l,t*+n,L^{fl)) ' 

From (4.57) we get that if ]? = 12/5 then for sufficiently large k it holds 
that 

bn ^ C ^b^{bn-l + bn) + 1^ , 

where C is independent of k. For another constant C, we get for suffi¬ 
ciently large k, 

bn < + 1 ) . 

1 1 

This immediately implies, for k large enough so that Ck~^ < the 
upperbound 

lim sup bn < Cq , 

n —>-00 

where Cq is independent of k. Consequently, 

lim sup f exp (6hd{x,dujs,j))\iJ^{t,x)\^dx < Cq , 

t^OO J ujgj 7 

which readily yields (4.53). | 
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5 Large domains 

The main goal of this section is to prove Proposition 1.4. To this end 
it is more convenient to consider (1.26) in a fixed domain. Assuming 
that 0 G H we set e = 1/i? (hence we have e <C 1) and apply the 
transformation, 


= '0(x) , A{x) = e~^Af:{ex ), 

(t){x) = 0g(ex), 

(5.1) 

If we write y = ex, we have: 



curl = e curl yAg ; Va;0 = eVy0g ; 

Va'^ = eVg-2^>g, 

leading to the following system for (?/;g, Ag, 0g) 



Ag-2^>g + ^(l - iV^gP) - = 0 

in Q , 

(5.2a) 

CUrl^Ag + V0g = Im 

in fl, 

(5.2b) 


on d^c 1 

(5.2c) 

Vg-2^^?/^g ■ z/ = 0 

on d^i , 

(5.2d) 


on do ., 

(5.2e) 

f = 0 

ov 

on , 

(5.2f) 

f curl Ag(x) ds = f{e)hex ■ 

Jdn 


(5.2g) 


In the above 

f(e) = F{l/e) = e-. 

It follows from (1.10) that 

hj = bje~^, j = l,2, 

where bj is independent of e for j = 1, 2 . 

We assume that Ag is in the Coulomb gauge space (1.9), and suppose 
that a weak solution (?/;g, Ag,0g) G i4^(ll,C) x x L^(ll) exists. 

Proposition 1.4 can now be reformulated in the following way: 
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Proposition 5.1. Let (?/^e, v4e, 0g) denote a solution of (5.2), and let h 
be given by (1.13). Suppose that for some 0 < 7 < 1 and eo > 0 we have 

< h j VO<e<eo. 


Then, there exists a compact set K C Ll, C > 0, and a > 0, such that 
for any 0 < e < eq we have 



dx < Ce . 


(5.3) 


We split the proof of Proposition 5.1 into several steps, to each of them 
we dedicate a separate lemma. We begin by observing, as in Section 3, 
that 



lll^elloo 

< 1. 

(5.4) 

Let 


01 ,e — 0e C 0715 

(5.5) 

Set further 

ilpe = curMi^e; 

Bf: = curl Ae . 

(5.6) 

By (5.2b) and (1.16a), we then have 




= Im 

(0e Ve-2^^0e) in Q , 

(5.7a) 

< 

9^1. = 0 

ov 

on dLl , 

(5.7b) 


J- ili^e(x) ds = 0 . 
Jan 


(5.7c) 

Note that since dBx^^/dr = d(\)p^/dv 

= 0 on dQ we must have by 

(5.7c) 

that 

Bi^elan 

= 0. 

(5.8) 


We begin with the following auxiliary estimate. 


Lemma 5.2. Let rcg denote the solution of 


Awe - = 0 

— 1 


in Ll , 
on dLl. 


(5.9) 
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Under the assumptions on J and Q in (1.4)-(U7) we have 

\\B,-l-w,\\oo<^. (5.10) 

Furthermore, we have 

||V0e||2+||0e||oo<C^e-“. (5.11) 

Proof. As can be easily verified from (5.2a) we have (see in [2] (formula 

(2.4) in the case when = 0), 

= -^(1 - |^,p) + . (5.12) 

2 

Furthermore, taking the curl of (5.2b) yields 

= “I™ (Ve-2^>e X Ve-2^>e) . 

Note that 

curllm(?/5e Ve-2^>e) 

=Im (VV^e X V^-2A^'fe - ie~^AA X Vfje) - 4l^ep5e 
=lm{Ve-2A,fje X Ve-2^>e) - 
Let 

We = - 1 + ^-W;e . 

Combining the above and (5.12) yields that (cf. also [2]) 

J AUe - pl^el V = |Ve-2A>eP “ Im (Ve-2A>e X Ve-2^,^e) + > 0 

C = ¥ 

By the weak maximum principle (cf. for instance [12, Theorem 8.1]) and 

(5.4) we obtain that for sufficiently small e 

/ X 1 

u,{x) < - . 


in fl, 
on dQ. 
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The lower bound in (5.10) follows easily by setting 

Ug = -ilg - 1 H---h 

At 

to obtain 


AUg - ^l^gpUg = |Vg-2^>gp + Im X V > 0 

IbT 


u 


upon which we use again the weak maximum principle. 

To prove (5.11) we hrst obtain for 0g, in the same manner used to 
derive (3.7), the following problem: 

.2 


— A0g + ^4>e — 0 


d(t>e 

du 

d(^e 

du 


= e-“J 
= 0 


in 11 
on do. 
on tin,. 


C ) 


(5.13) 


Then, we follow the same steps as in the proof of (3.8) to obtain the 
bound ||0e||oo A Ce~^. Multiplying (5.13) by 0g and integrating by parts 
yields, using the preceding bound (5.10), we hnd that 

d(pe 


l|V4lll< / ds < Ce-^ . 

Jdn du 


As a corollary we get: 

Corollary 5.3. 

\\B,\\oo < max(|6i|, 62)e"“ + ^ . (5.14) 

Proof. By (5.10) and the maximum principle we have that 

ll^e - l||oo < \\we\\oo + ^ A max(16i|, 62)6"“ - ^ , 
which readily yields (5.14). | 


in n, 

on tin. 
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We continue with the following auxiliary estimate: 

Lemma 5.4. Let Q and J satisfy (l.f)-(1.7), and Wg be a solution of 
(5.9). There exist positive constants C and eo, such that, for all 0 < e < 
eo; 

||Vu;g||oo < (5.15) 

Proof. For convenience of notation we drop the subscript e in the proof 
and bring only its main steps, as it rather standard. We hrst apply the 
inverse transformation of (5.1) to (5.9) to obtain 

J Aw — = 0 in Qji , 

\^w = B — 1 on dQji , 

where B = curled. 

We distinguish in the following between interior estimates and boundary 
estimates. Let xq G OLIr and = Dr{xo) = B{xq, r) n LIr . 

By the standard elliptic estimates we then have, in view of (5.4), 

\\w\\H^(Dr) A C{\\w\\r 2 (^R,^^^ + ||e ^Bn — l||ij2(£)2r-)) ' (5.16) 

To obtain the above we first observe that B = e~°‘Bn on the boundary, 
and then use the fact that the trace of B^ in H^{dLf) and is therefore 
bounded from above by a proper norm. 

Similarly, 

\\uj\\H3(Dr) A C (^\\w\\Hi{D2r)+h - 1 11 + 11 | U°o p2r ) 11 I^ 11 i? 4-^2^ ) ) ' 

(5.17) 

Using Kato’s inequality and (1.26a) yields 

||V|?/^| \\L^{Dr) < \\^A'lpWL^Dr) < C'II^IU2(-D2d 5 

then we obtain by (5.10) that 

\\w\\h3(^d^) < Ce (5.18) 

An interior estimate is even easier. Consider xq G LIr such that 
D{xQ,2r) C LIr. There is no need in this case to include a boundary 
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term in (5.16) and (5.17). We then obtain (5.18) in this case in a similar 
manner. 

The proof of (5.15) now follows from Sobolev embeddings and (5.1). i 


We next dehne the following subdomain of fl: 

T>s{e) = {x G n : \B(:{x)\ < . 

Let further 

d 8 ^j{e) = d{Vs{e), j = 1, 2 , 

where, as in the introduction, denotes the set of connected 

components of dO^i. We now obtain a lower bound of 

d§{e) = ma.x^dsj{e). (5.19) 

Lemma 5.5. Let 

do = min(|6i|, I62I) • (5.20) 

Under the conditions of Lemma 5.f, there exists, for any 0 < 5 < 5o, a 
positive Cs such that for sufficiently small e we have 

ds{e)>Cse. (5.21) 

Proof. Let x G dQi and y G V^ie). By (5.15) we have 

C 

\w^{x) - We{y)\ <-^\x - y\. (5.22) 

By (5.10) we have 

\w,{x) - w,{y)\ > \B,{x) - B,{y) \ - ^ > ((5o - 6 )e~^ - ^ . 
Combining the above with (5.22) yields 

\x-y\> {60 - 6 )e - 
which readily yields (5.21). 1 
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Next we show 


Lemma 5.6. Under the eonditions of Lemma 5.f, there exist C > 0, 
eo > 0 and > 0 such that, for 0 < e < eq and 0 < 6 < 6 q , 


exp 


[ 2^006 “]^/^(4e) ^d{x,Vs{e))^ dx < 


Jn\Vs{e) 

Proof. Let ij e [0,1]) satisfy 


C 

w 


(5.23) 


rj{x) 


1 X G Q \ Vsie ), 
0 x G Vsi2{e). 


With the aid of (5.15) and (5.10), it can be easily verihed, for some 
c = c(p, j, n) > 0 which is independent of both 6 and e, that for all 
0 < d < do we can construct rj with the additional property 

|V.|W. 

Let further 

C = 

where 


exp (a^e ^ °'/‘^d{x,T>s{e))) 

1 


if a; G n \ Vsie ), 
if X G Vsie). 


We leave the determination of as to a later stage. 

Multiplying (3.1a) by and integrating by parts yields 

\\^.--‘AAm\\l = ^[iic^A.iii- iic'/Veiia + iiV’Vciii 

By (2.4) we have that for sufficiently small e 

\\V,-2aSCA)\\1 > ^e"“||CV^e||L 

where 0o is dehned in (2.2). Consequently, 


0o(5e-“ - 2 
2^2 


mill < ii</>vci 


(5.24) 
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From (5.24) we learn that 

r 2e2 ii/2 

IlC^elh < 


L0o5e-« - 2 


+ ll^eVr/l 


where we have used the fact that \Vd{x,Vs{e))\ < 1 a.e. 
Choosing 


1 

“^ = 2 


en<5n 1/2 


we obtain that for sufficiently small e 


WC'^eh < 4 


r 2 ii /2 


L4 


.l+a/2 




^ -^Ue\\L^Vs{e)\Vs/,ie)) 


The proof of (5.23) now follows from (5.4). 


We now obtain an improved lower bound. 

Proposition 5.7. Let 4o be given by (5.20). Under the conditions of 
Lemma 5.4, for any 0 < 4 < 5o, there exist positive constants Cs and es 
such that for 0 < e < es vue have 

ds{e)>Cs. (5.25) 

Proof. We begin by noticing that by (5.2b), (5.11), and (5.23) we have 

II Vile 11^2(o\r>5(e)) < II V0e|U2(rj\p^(g)) + Ce < Ce “ . 

Then, we write 

(50 - 6)e-‘‘ < |lVB,||ii(n\a(,)) < < CrfJ''V“, 

from which (5.25) readily follows. | 


Remark 5.8. Note that by (5.23) and the above arguments, (5.25) holds 
even if we use ds to measure the distance ofT>s{e) from any point on dUL 
where Re > with ffi > 4. 

Proposition 5.1 now follows from (5.23) and (5.25). 
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